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Lagrangian Formalism for Multiform Fields on
Minkowski Spacetime
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We present the Lagrangian formalism for multiform fields on Minkowski
spacetime based on the multiform and extensor calculus. The formulation gives
aunified mathematical description for the relativistic field theories including the
gravitationa field. We work out examples including the Dirac—Hestenes field on
the gravitational background.

1. INTRODUCTION

The multiform and extensor fields over Minkowski spacetime provide
a unifying language for the field equations, including gravitation (Hestenes,
1966; Hestenes and Sobczyk, 1984; Rodrigues and de Souza, 1993, 1994;
Moya 1999; Moya et al., 2000a). A review, including new mathematical
topics, is in preparation (Moya et al., 1999a, b). A multiform Lagrangian
formalism using rigorous mathematics is lacking, despite some previous
attempts (Lasenby et al., 1993; Rodrigues and de Souza, 1994; Rodrigues et
al., 1995). In this paper, we provide such atheory. In our formalism, different
kinds of Lagrangians which occurs in physical theories are treated with the
same mathematics. Weinclude the identities (the tricks of the trade) necessary
for the derivation of equations of motion. In Moya et al., (2000a, b), we
present a Lagrangian formulation for the gravitationa field as a distortion
field (an extensor field) on Minkowski spacetime. There, we show that the
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formulation of the same problem by Lasenby et al., (1998) is a non sequitur.
The gravitational field as a distortion field appears in Rodrigues and de
Souza (1993).

Inthe sequel, M isa4-dimensional manifold diffeomorphicto R* oriented
by the volume element 4-form 7, and time-oriented. A Lorentzian flat metric
ism e sec TYM) and D" is the Levi-Civita connection of ) (Sachs and Wu,
1977). The multiform calculus on Minkowski spacetime (M, m, T, D) is
enhanced once we use an affine space (M, Jt*), where Jt*, the dual of A ~
R?, is the vector space of the structure.

Given aglobal coordinate systemover M = x < x*(x) e R n = 0, 1,
2, 3, associated to a inertial reference frame (Rodrigues and Rosa, 1989) at
X € M, (a/ax+|,) and {dx*|,) are the bases for the tangent vector space T,M
and the tangent covector space TiM,

9 9 ) = diag(1, -1, -1, -1)

M=7,&d, o, = “(axu P

Definition 1.1 (Minkowski space). T,M = v, is said to be equivalent to
Vy € T,M, written v, = v, if and only if

9 0 a | _
Nl Zon x|, » Vx| = Mo T ox|, » Vx| |
X

The set of equivalent classes of tangent vectors over the tangent bundle,
M = {€6,]x e M}, is a vector space, called Minkowski vector space.

A natyral basis for .t is (€y/0x0,0- With V= “,, and e = Gyrox, WE
can write v = v* e

Definition 1.2. The dual basis of (e Yis(y™), i.e, y* e JM* = AYM)
and y'*(e) = 3.

Definition 1.3. The 2-tensor over M, n: M X M - R, such that for
each v = ¢, andw G, € JM: n(v w) = N (Vx, Wy, for al x e M, is
called a Minkowski metric tensor.

d

W
OXM|,

For EM = C_@a/axu‘x, we have v, = n(é)u, é)v).

To vector e, corresponds a form vy, = m,,,y". There exists an isomor-
phism between .it and A'(AL) given by Ml 5 @ « a € AY(AM), such that if
d = a*e,, thena = n,, @y’ and if a = a,y*, then a = n*"a,e,.

Definition 1.4. A scalar product of forms can be defined by
AY) X AYM) s (a,b)—a-beR
such that if @ < aand b < b, then a - b = n(a, b).
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(M, M*) equipped with the scalar product (1.1) is a representation of
Minkowski spacetime. We denote by Cl(it) ~ CI(1, 3) ~ H(2) the spacetime
algebra, i.e., the Clifford algebra (Lounesto, 1997) of * equipped with the
scalar product defined by (1.1). As R-space, Z/(M) = Z5_o AP(M).

The reciprocal basis of (y*) iS(y,), Y. * Vo = M = Y+ ¥ = ™,
Yy, = 85 M = Nyt @y =y, @y,

The oriented affine space (M, Jit*) (oriented by v° = y° O~ O~? O
v3) is a representation of the Minkowski manifold.

Definition 1.5 Let (x*) be aglobal affine coordinate system for (M, Jl*)
relative to an arbitrary point o € M. A position form associated to x e M
is the form over Jl, designed by the same letter, given by the following
correspondence

M= XS x=xy, e AY)

Definition 1.6. A smooth multiform field A on Minkowski spacetime is
amultiform vaued function of position form, A(Ml) > x— A(X) € A(M).

Definition 1.7. Let 0 = p, q = 4. A (p, g)-extensor t isalinear mapping
t AP(M) - A9(M)

The set of al (p, g)-extensors is denoted by ext(AP(AL), A9(A)). A smooth
(p, g)-extensor field t on Minkowski spacetime is a differentiable (p, Q)-
extensor-valued function of position form, A1) s x — t, e ext(AP(UL),
ASM)).

Definition 1.8. Let a be aform. The a-directional derivative of a smooth
multiform field X, denoted as a - 9X, is defined by

a.ax:”mX(er)\a)—X(x)zg

+ _
ym N an X(x + \a)|r-o

The v,-directional derivative vy, - dX coincides with the coordinate
derivative oX/ox*, 9, = v, - 0.

Definition 1.9. The gradient, divergence, and curl of a smooth multiform
field X are defined by

gradient: X = y*(9,X)
divergence: X = y* L (0,X)
curl: o0 OX = ~*0(0,X)
IX=0_X+90OX
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2. LAGRANGIAN MAPPINGS (X, 8 OX) — £(X, & OX)

Let X be a smooth multiform field over the Minkowski spacetime M
and let Omean any one of the multiform products (=), (0), or Clifford product.
Hestenes and Sobczyk (1984) introduced the multivector derivatives, the
ordinary multiform derivatives 0 O X, i.e., the divergence, the curl, or the
gradient of X. The dot product of Definition 1.5 is extended in a natura way
to al Cl(M) as follows: OX, Y € A(M), X - Y = (XY)o. Note that it is an
operation different from the left and right contractions (Rodrigues et al.,
1995; Lounesto, 1999; Moya et al., 2000).

Definition 2.1 (Lagrangian mapping). A differentiable scalar-valued
function of two multiform variables &: Im X X Im 9 OX - R, where Im
X means image of the multiform field X, etc., will be called the Lagrangian
mapping (LM) associated to X.

Definition 2.2 Let X be any smooth multiform field; then fE[}(] isa
smooth scalar field defined by A(Ml) > x — £L[X](X) € Rsuch that [X](x)
= LIX(X), 9 OX(X)].

The operator £ will be called the Lagrangian operator and the smooth
scalar field £[X] will be caled the Lagrangian scalar field associated to X.
In abuse of notation, in what follows, the Lagrangian mapping £ and the
Lagrangian scalar field £[X] will be symbolized simply by (X, ¢ OX) +—
L(X, 0 OX).

Definition 2.3. To any LM (X 9 OX) — £(X, 9 OX), the action for the
multiform field X (on U C M) is the scalar, i.e., a real number,

S= J PIX](K) d*x = J L(X, o OX) d*
U ]

Take an arbitrary smooth multiform field A with the property A = (A)x
(i.e., A and X contain the same grades) such that it vanishes on the boundary
aU (i.e., Al;u = O) and take an open set S C R containing zero.

Definition 2.4. The following \-parametrized smooth scalar field will
be called the varied Langrangian:

AN M) X S5 (X N) = Z[X + \AJ(X) € R 2.1)
PIX + NAI(X) = LIXK) + NAK), & OXX) + Ao OAX)]  (2.2)

In abuse of notation, the varied Lagrangian sometimes will be denoted
by £(X + AA, 9 OX + \a OA).

Definition 2.5 (Varied action). The following A-parametrized scalar, i.e.,
an ordinary scalar function of the real variable A, is called the varied action:
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SsA—=>SNeR S\ = J FIX + NAJ(X) d*X

U

SN\) = f PX+ NA 0 OX + Ao OA) d%x
U
Definition 2.6. Given any smooth multiform field X and Lagrangian
scalar field £[X], the variational operator dy is defined by A'(M) > x —
LX) € R,

N d -~
xFIX](X) = a LIX + NAI(X)|x=0
= d—‘;'\ LIXK) + NAK), 8 OXK) + Ao TAXK)] -0
SxL(X, 8 OX) = %se(x + A, 9 OX + 2o OA)so

In Lagrangian field theory, the dynamics of a multiform field X is
supposed to satisfy the condition of stationary action AP,

S(0) =0, OA suchthat Al,y =0

J 5xL(X, d OX) d% = 0, DA suchthat A,y = O
V]

The AP implies the Euler-Lagrange equation (ELE) for the multiform field
X, i.e., the field equation for X.

Proposition 2.7. Given a dynamical variable X on U C M and a LM
(X, 0 OX) — L(X, o9 OX), where Ois respectively (8 —, (b) 0, or (c)
the Clifford product, the AP implies for the cases (a)—(c), respectively, the
following ELEs:
(@ axEX, 0 = X) — 0 09,_xFX 02 X)=0
(b) 0xE(X, 0 OX) — 0 = 9;oxE(X, 0 OX) = O
(©) IxE(X, 0X) — 99,xL(X, 0X) = O
Proof. We prove case (c). The X-variation of £(X, dX) yields
IxE(X, aX) = A - axE(X, X) + 9A - d;xL(X, 9X)
Using the identity (A.3), we have
IxE(X, aX) = A - [0xL(X, 0X) — 39,xL(X, 0X)]

+ 9 - [0a4(8A) + dxE(X, IX)]
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The AP yields

J A (0xE — 00,xF) d* + J 3 [0.(@A) - 9,xF] dx =0 (2.3)
U U
for al A such that Al;;, = O.

Using the Gauss—Stokes theorem with the boundary condition A|,, =
O, the second term gives

[ 9 too - it = § v+ [odam) - 50t) 07,
U au

= 3€,U A (o) d°S, =0 (24)
Putting (2.4) into (2.3) gives

J A - [0xL(X, 8X) — 00,3 P(X, 9X)] d% = 0, DA
U

and due to the arbitrariness of A, we get
IxEX, 0X) — 30;xFL (X, 0X) =0 =

3. LAGRANGIAN MAPPINGS (X, & OX) — £(X, & OX)

Let X be a smooth multiform field on (U C M, J*) and let h be an
invertible (1,1)-extensor field (he M* > x — ext(A1(M), AY(M))) caled the
gauge metric extensor field (which is a representation of the gravitational
field in the most general possible gravitational theory over Minkowski space-
time). Also, define h* = (h™1) = (h")~. Consider the operators &[] where
Omeans any multiform product (-), (), or the Clifford product acting on
the set of smooth multivector fields. They are called the h-divergence &
X = h*(0a) = DX, the h-curl @ O X = h*(9) 0 DX, and the h-gradient
DX = h*(9)DX.

DX is adirectional covariant derivative obtained from the Levi-Civita
directional covariant derivative D,, 2.X = h(D;h%(X)) studied in the theory
of connections in Fernandez et al., 2000b; Moya et al., 2000a, b),

X = a- aX + Q@) X X

Q is called the second connection extensor field, Q,: AX (M) — A?(M), OX
Jl/t*, Qx(a) = _%an(x) O gban(X).

In theories which make use of the gauge-covariant derivative concept,
the action for the multiform field X [on (U C M, .t*)], with dynamics given
by aLM (X, @ OX) — Z(X, @ OX), the action is postulated to be the scalar



Lagrangian Formalism for Multiform Fields on Minkowski Spacetime 305

S:J L(X, @ OX) d*
U

Take an arbitrary smooth multiform field A with the property A = (A)x
such that Al,;, = O and take an open set § C R containing zero.

Definition 3.1. The A-varied action for the multivector field X (on U C
M) is the \-parametrized scalar

0) =J LX + NA, B OX + \D OA) d*

U
The dynamics of the multiform field X is supposed to satisfy the AP
S(0) =0, OA suchtha Al,;, =0

JU 5L(X, D O0X)d* =0, DA suchtha Al,y = O

where

3ZL(X, @ OX) = % PX+ NA, D OX + \D OA)|y=0

is the X-variation of £(X, @ 0OX).
Proposition 3.2. Given a dynamical variable X and an LM
(X, @ OX) — L(X, D OX) = det(h)l(X, D OX)

where * is respectively (a) —, (b) O, or (c) the Clifford product, the AP
implies for the cases (a)—(c) the following ELEs:

@ 0 D oy X) = D Odgx (X, D o X) =0

() o)X, D OX) = D 1 dgx 10K, D OX) = 0O

(©) (X, D X) — Dagx I(X, D X) = O

Proof. We prove case (b). Using the multiform identity (A.7), the X-
variation of £(X, @ 0 X) yields

5xL(X, D O X) = det(h)[A - axd(X, D OX) + D OA - dard (X, D 0 X)]
det(N)A - [0x(X, @ OX) — D = 9yl (X, D OX)]

9 - [det(h)a,(h*(@) OA) - dgnd (X, @ 0 X)]
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The AP action yields

f det(h)A - (3] — B = gl ( d*
U

+ J 9 - [det(h)a (h*(@) OA) - dgxd] d*x = 0 (3.1)

for all A such that A,y = O.
Using the Gauss—Stokes theorem with the boundary condition A|,y, =
O, the second term gives

j 9 - [det(h)an(h*(a) O A) - durd] d*
U
= § ety - [0.("(8) DA) - dusd] o,
= 55 L det(DA - [0() s dasd] 8, = O (3.2)

Putting EqQ. (3.2) into Eqg. (3.1), we have

J det(MA - [oxd (X, @ OX) — D = dgd (X, D OX)] d*x =0  foral A
U

and due to the arbitrariness of A, we finaly get
I, D OX) =D 2 dgd(X, D OX) =0

The proofs of (a) and (c) can be obtained by using the multiform identities
(A6)and (A8). m

4. LAGRANGIAN MAPPING (s, B%) — L(Us, D)

L et s be asmooth Dirac—Hestenes spinor field (DHSF) on (U C M, Jt*).
We can take the gauge spinor derivative (Rodrigues et al., 1995; Fernandez et
al., 2000b) 9% = h*(9,)25¢ [recal that D3y = a - ap + $Q(@) is the
directional spinor derivative] and consider an LM (s, D) — L(U, D).

Definition 4.1. The action for aDHSF ¢ (on U C M) is
S= [y LW, D) dx.

If we take an arbitrary smooth DHSF m such that m|,, = O then the
so-called Y-variation of L, DY) is
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B, D) = S (Y + Xm, T+ AT

Proposition 4.2. Given a DHSF ¢ as dynamical variable and a LM
(U, D) = (b, D), the AP

f LW, DY) dx = 0
u

for all n such that m|,, = O implies the ELE
Iyl (b, D) — D041 (h, DY) = O
Proof. The y-variation of £(s D) is
SYL(, D) = det(h)m - [9yl (P, D) + D - dgsyl (b, D))
and using the multiform identity (A.12), we have
YL, D) = det(h)[m - dyl (W, D) — D9asyl (b, DY)
+ 9 - [det(h)aa(h*(@)n) - syl (b, D))

The AP can be written for all m such that m|,y, = O

J det(h)n - (9,1 — D%9as,l) d*x
U
+ J 9 - [det(h)ay(*(@)) - das,l] d% = 0 (4.1)
U

The second term can be integrated using the Gauss—Stokes theorem with the
boundary condition m|,;, = O

J 9 - [det(h)da(h*(@m) - dgsyl] d*x
U

= ffau v - [det(h)aa(h*(@)m) - dasl] d°S,

= ¢ det(tim - [M*(y)ausl] &S, = O (42)
Putting (4.2) into (4.1), we get

J det(h)n - [0yl (W, D) — D95l (b, D)) d*x = 0 foral m
U
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Since ) is arbitrary, it follows that
Ayl (W, D) — D%0gsyl (b, D) = O =

5. EXAMPLES
5.1. Maxwell and Dirac—Hestenes L agrangians

(@) The Lagrangian associated to the Maxwell field A: M* - A(L),
i.e., the electromagnetic potential generated by an electric charge current
density J: M* - AYM), is

PA 0 OA) = —i(a OA) - (0 0A) —A-J
0

The Euler—Lagrange equation is
LA, 0 OA) — 9 o 9,0 FA 0 0A) =0
Then, the Maxwell field A and the Faraday field F = 9 [ A satisfy the equations
9 (00A) = wed,  9F = ugd (5.1)

The second equationin (5.1) isthe Maxwell equation in the spacetime cal culus
formalism (Hestenes, 1966).

(b) DHSF are certain equivalence classes of even sections of CI(.it).
For details, see Rodrigues et al. (1995). In guantum mechanics, the Lagrangian
associated to the DHSF 5: JM* — AO(Mt) + A2(M) + A*(M), corresponding
to a particle with mass m, electric charge e, and spin (i.e., a Dirac particle)
in interaction with the Maxwell field A, is

L, 0b) = A(IPiys) - b — (Alryg) - g — mels -, i = YoY1Y2Y3

A thoughtful study of the Dirac—Hestenes Lagrangian which shows hidden
assumptions in the usual presentation can be found in De Leo et al. (1999).
To get the ELE, we need

ALY, 0Y) = fidpiyz — 2eAlryo — 2meys
DapL (WP, ) = —h1day (0 - Yiys) = —Fiiys
where the following multiform derivative formulas have been used:
X X)=2X  ax(X-Y) = (Y)x,
IX(YXZ) - X] = (YXZ + YX2)x

The DHSF s satisfies the Dirac equation, called the Dirac—Hestenes equation
(Hestenes, 1996) in the spacetime calculus formalism,
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hoyios — eAl = mcryo, 03 = Y3Yo

5.2. Lagrangian for Maxwell and Dirac—Hestenes Fields on a
Gravitational Field Background

In the flat-spacetime formulation of the most general possible gravita
tional field theory (which includes curvature and torsion), this field is
described by an invertible (1,1)—extensor field h, Section 3.

(a) The dynamics of a Maxwell field A generated by an electric charge
current density J moving in a background gravitational field is postulated to
derive from the AP and the following Lagrangian:

DA, D OA) = det(h)[—i @ OA) - (@ OA) — A~J]
0

Using the identities in the Appendix, we obtain that Aand F = 9 0OA satisfy
Do (DOA) = peds DF = pod

(b) The dynamics of a DHSF s corresponding to a particle with mass
m, electric charge e, and spin 3 (i.e.,, a Dirac particle) is supposed to be
governed by the AP with Lagrangian

L, D) = det(h)[72(Divs) - ¥ — e(Alryo) + b — mcys - ]
Using the identities of Appendix, we get that the DHSF s satisfies

hDNios — eAy = mCdryo
APPENDIX. FUNDAMENTAL IDENTITIESIN LAGRANGIAN
FORMALISM

Proposition A.1. For al smooth multiform fields X and Y and 1-form
field a, we have

@oX)-Y+X-@OY)=0a-[0azX)-Y] (A1)
@OX)-Y+X-(@=Y)=0a-[0a0X) Y] (A2)
(0X) - Y + X - (3Y) = a - [9aaX) - Y] (A.3)

These identities are necessary in the derivation from the AP of the
ELE equations for a multiform field X with dynamics governed by the LM
(X, 0 = X) = L(X, 0 = X), (X, 0 OX)— L(X, d OX), or (X, 0X) — L(X, 9X).

Proof. In order to prove the identity (A.1), we use the definitions of
divergence and curl of a multiform field and the identity (a = B) - C =B -
(adC), where aisal-form and B, C are multiforms,
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@aX)- Y+ X-@0OY)=H*" 2y, 0X) Y+ X (y* Oy, - 9Y)
= Y 0 X) Y A+ (¥ o X) - (v, - 9Y)
=9, 0y o X) - Y (A4

but it is not difficult to transform the right side of (A.4) into a divergence
of a 1-form field,

Yot 0¥ = X) Y =y - A[YP - v (y* = X) - Y]
=Py - Ay (v = X) - Y]
9 [0a_ X) - Y] (A5)

Putting (A.4) into (A.5) complete the proof.
The identity (A.2) can be proved by using (A.1) and the identity (a —
B)-C=B-(aldC),

@OX) Y+ X-0oY)=0"Y) - X+Y-(@0OX)=09-[0a=Y) - X]
=0 [0, - (@OX)] =0 - [dx(adX) Y]
Identity (A.3) can be proved by adding (A.1) and (A.2). ]

Proposition A.2. For al smooth multiform fields X andY and 1-form
field a, we have

(@ X)- Y+ X-(@OY) = det(h™1)o - [det(h)a,(h*(@) = X) - Y] (A.6)
@0OX) Y+ X (DY) =det(h )a - [det(h)o(h*(@) O X) - Y] (A.7)

(@X) - Y + X (DY) = det(h ) - [det(h)a(h*(@)X) - Y] (A.8)
These multiform identities are necessary in order to derive from the AP the

ELEs for multiform fields X with Lagrangian mappings (X, & — X) — £(X,
9 o X),or (X, D OX) — LX, D OX),or (X, D X) =L (X, D X).

Proof. To prove the identity (A.6), we shall need to use two multiform
identitiesrelating the gauge-covariant divergence and the ordinary divergence,
and the gauge-covariant curl and the ordinary curl, respectively (Fernandez
et al.,2000b),

% _ A = det(h-Hh[o _ det(h)h{(A)], D OA = h*[o T h'(A)]

and the multiform identity (A.1) above. We have
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(@2 X) Y+ X (@0OY) = det(hHh[9 = det(h)h(X)] - Y
+ X - h*[a Oh'(Y)]
= det(h™){[9 = det(h=*(X)] - h'(Y)
+ det(h4(X) - [ Oh'(W)]}
= det(h™) - [9a(a — det(h~*(X)) - h'(Y)]

= det(h™)o - [det(h)da(a = h™*(X)) - h'(Y)]
(A.9)

Given a (1,1)-extensor t over A(A),its extension t, a genera extensor
over A(JL), is defined by

51
t(X) =1-X+ I(Zlﬁt(y“l) O...0t(y"™)(y,, O...0v,) - X

Using the algebraic identity a  t(B) = t[t"(a) = B], wheret is the extension
of a(1,1)-extensor t, ais a 1-form, and B is a multiform, we can write

[a~ h=(X)] - h'(Y) = h™*[h*(a) = X] - h'(Y)
=hh @ s X]-Y=["@) +X]-Y  (A.10)

Putting (A.10) into the right side of (A.9) completes the proof.

The second identity (A.7) can be proved using (A.6), the algebraic
identity (a = B) - C = B - (a 0 C), and following analogous steps just used
in demonstrating the identity(A.2). The third identity (A.8) can be proved
easily by adding (A.6) and (A.7). =

Proposition A.3. For al smooth DHSF s and ¢, we have

(BN) - @ + U - (D) = (D) - ¢ + - (Do) (A1)

(DY) - ¢ + b - (D%) = det(h™)a - [det(h)a(n* @) - ¢] (A.12)

Proof. To prove (A.11), note that for a smooth spinor field ¢, we have
D = DY — 3h(02)P€2(a)

With the DHSF s and ¢, we can write
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(DY) - @ + b - (D%) = [DY + (962 - ¢
+ - [De + Fh*(9)e0(a)]
= (DY) e+ U - (Do)
— $h*(92) - eQU@)T — 3h*(92) - ¥ Q(2)F
The last two terms yield zero,

1h*(92) - [eQ@ + WQ(@)¢] = 2h*(92) - [ Q@Y — (¢Q(@)T)7]
= $h*(92) - 2AeQ(@)d), = 0
Equation (A.12) follows from (A.11) and (A.8). =
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